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The t e m p e r a t u r e  field within a contact is calculated analyt ical ly ,  with cons iderahon  of r ea l  
cu r r en t  distr ibution within the contact  body.  The poss ibi l i ty  of rep lac ing  the volume heat 
source  by an equivalent sur face  heat  source  is demons t ra t ed .  

As is well known [1, 2], upon passage  of an e lec t r i ca l  cu r ren t  through a contact  between conductors ,  
where  the effect ive conductor sect ion d e c r e a s e s  to a smal l  conductive zone, there  occurs  intense heat  l i b e r -  
ation, accompanied  by eros ion of the contact su r faces  under cer ta in  condit ions.  

The p r e sen t  s ~ d y  is a ma themat i ca l  ana lys i s  of the t e m p e r a t u r e  distr ibution in the cu r ren t  spread  
zone, which p e r m i t s  de terminat ion  of this value as a function of cu r ren t  s t rength (density) and the t h e r m o -  
physical  p rope r t i e s  of the e lec t rode  m a t e r i a l .  The calculat ions a re  based on the distr ibution of cur ren t  
densi ty  flowing in a given area  of finite rad ius  into the e lec t rode  sur face  zone.  This al lows mathemat ica l  
s imulat ion of a t he rm a l  field m o s t  c losely  approx imat ing  the r ea l  case .  

The calculat ions connected with considerat ion of the spatial  distr ibution of cur ren t  within the e l e c -  
t rode body can be significantly s implif ied by taking a qual i ta t ively new approach  toward the p rob lem,  r e -  
placing the volume heat  source  by an equivalent  surface  source .  One poss ib le  approach to this p rob lem is 
descr ibed  below, and curves  which allow evaluation of the accu racy  of the approximat ion (which p roves  to 
be quite high) a r e  presented  in Fig .  1. 

1 .  C y l i n d r i c a l  H e a t  S o u r c e  

I t  is a s s um ed  that the d ischarge  is a cyl indrical  p lasma column in contact with a semi- inf in i te  e l e c -  
t rode ,  unbounded in rad ius ,  fo rming  a s e m i s p a c e .  We will consider  the s ta t ionary  the rma l  r e g i m e  de -  
scr ibed by the inhomogeneous Laplace  equation, 

Ar = - - I  ~ ~;), (1) 
? 

where  A is the Laplace  opera tor ;  w is the power l ibera ted  by cur ren t  per  unit e lec t rode  volume; y is the 
t he rma l  conductivity.  

The solution of Eq .  (1) in the mos t  genera l  case  has  the fo rm [3] 

Ir - r q  

In a cyl indr ical  coordinate  s y s t em  with the z axis  coinciding with d ischarge  axis  (so that the plane z =0 co-  
incides with the e lec t rode  surface)  we have 

! 

"~ "--~'l = [ r2 -F r"  - -  2rr' cos (q~ - -  q/) -+- (z - -  z')2] ~-, (3) 

where  ~ is the az imuth  angle .  
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F ig .  1 .  C o m p a r a t i v e  effect  on e l ec t rode  of volume (curve 1) and su r f ace  
(curve 2) heat  s o u r c e s .  T e m p e r a t u r e  m e a s u r e d  in uni t s  T O =I2/a2o'yTr 2. 

F i g .  2.  F u s i o n - z o n e  r ad iu s  v e r s u s  c u r r e n t  for  va r ious  m a t e r i a l s .  

We will  a s s u m e  that  the hea t  sou rce  is cy l i nd r i ca l l y  s y m m e t r i c a l  w(r) =w( r ,  z) and p e r f o r m  i n t e g r a -  
t ion over  angle  ~ in E q .  (2). We wr i te  the denomina to r  of the in tegrand  in the f o r m  

I 1 --[ 2ff' COS (q3- q)')IT 
--~'1 = [r ~ + r "  + ( z - -  z ' y ]  2 1 - - r '  ' " 

= r -+ (z - -  z ' )  ~ (4) 

and eva lua te  the second t e r m  in the f inal  b r a c k e t .  I t  is  e a s y  to see that  the inequal i ty  

2rr' 
1 > o (5) 

" ' ," 1.2 F ' - - - F  @r 

holds ,  and,  consequent ly ,  this  quant i ty  cannot  exceed  uni ty .  Thus the e x p r e s s i o n  in b r a c k e t s  m a y  be r e p -  
r e s e n t e d  in the f o r m  of a s e r i e s ,  

1 k 3 15 35 k~ . . . .  = __cos 0 - i - - -  k2 cos2 0 + k3cos3 0 - cos~O + (6) (1 - -kcosO) - T  1 ~- 2 8 4 8  128 

w h e r e  0 =qo- -q ' ,  k = 2 r r ' / ( r  2 + r '2).  

Subst i tu t ing Eq .  (6) in Eq .  (2) and in tegra t ing  over  the angle 0 ' ,  we find 
2r t - t -~  

1 f dO 1 (1 0,125k~ ~- 0.102ka). 
1 ~ 1 

2= ~ (1 - -kcos0 )  T [r 2 - r ' '  ( z - - z ' )  z] Y 

(7)  

Since k < 1, the second and th i rd  t e r m s  in E q .  (7) a r e  p r a c t i c a l l y  a lways  smal l  in c o m p a r i s o n  to unity,  and 
they m a y  be neg lec ted ,  wr i t ing  Eq .  (2) in the f o r m  

T(r, z )=  1 r'dr' w(r ,  z')dz' (8) 
2? . ~ •  

0 [r 2 + r "  -~ (z - -  z')212 

Since we a r e  i n t e r e s t ed  in the t e m p e r a t u r e  d is t r ibu t ion  in the s e m i s p a c e  z > 0, we m a y  t r a n s f o r m  Eq.  
(8), changing the l imi t s  of in tegra t ion  over  z:  

1 Z "+-' & w (z')  dz ' .  (9) 

- [r 2 -I- r"  + (z - -  z')21T [r ~ § r"  -3- (z - -  z') 2] 2 [r 2 --  r"  q- (z + z') ~] ~ 

Expanding  the r i gh t  s ide of E q .  (9) in a power  s e r i e s  

2zz' <1 ,  R 2 r2+z2, R " = r  '~ + z'2 
R2-? R "  

and r e t a in ing  only the f i r s t  t e r m  of the expans ion ,  we find 

l" j, 
T (r, z ) =  ~ f r'dr' - 

0 0 

w (r', z') dz' 
1 

(R~ + R,,) 2 
( lo )  
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We note that the e r r o r  connected with the t r ans fo rmat ion  f rom Eq.  (9) to Eq.  (10) does not exceed 
3/8 in compar i son  to unity.  

Equation (10) will be employed below for ana lys i s  of the the rmal  field in the e lec t rode ,  crea ted  by 
volume w v and surface  w s heat  s ou rce s .  

2 .  V o l u m e  H e a t  S o u r c e  

We a s s u m e  that the e lec t r i ca l  cu r ren t  I flows into the s emispace  through a conductive a r ea  of radius  
a ,  located on the e lec t rode  sur face  in the plane z =0.  The distr ibution of cur ren t  force  lines within the 
e lec t rode  was found in [1] and has the fo rm 

J~ - ~a ~ J1 (~a) J~ (~,r) exp (--  ~,z) d~, 

0 

Jz -- I i J~ (;ka) Jo (Zr) exp (--  ~z) d;~, 
0 

(11) 

where  J0 and J1 a re  ]3essel funct ions.  

Correspondingly ,  the power l ibera ted  by the cur ren t  in a unit volume is equal to 

# 
(12) 

where  a is the e l ec t r i ca l  conductivity of the e lec t rode  m a t e r i a l .  Substituting w v f rom Eq.  (12) in Eq.  (10), 
and consider ing Eq.  (11), we obtain the following express ion  for  t e m p e r a t u r e  T(r,  z): 

T (r, z) ]e j" dl ('~,a) 1 = - d~ Jl(va)d~t  r'dr' d z ' e x p [ - - ( ~ , + ~ ) z ' ]  [do(~,r ' )Jo(~r ' )+Jl(~,r ' )J l(~r ' )]  , . 
a2a2~;' " R")-~-(13) 0 '0 0 0 (R~ + 

We will consider  in tegra ls  over  the va r i ab l e s  r '  and z ' ,  t r ans fo rming  to spher ica l  va r i ab l e s  r '  =p cos0 and 
z'  =p s in0 .  Then 

ff[ 

o0 2 

~' (R ~ + # ) ;  o 

x [Jo (M cos 0) do (~p cos 0) + j~ (~p cos 0) ]~ (~p cos 0)] cos OdO. (14) 

The value of the integral  is de te rmined  main ly  by the exponential t e r m ,  with the max imum cont r ibu-  
tion produced by the region 0 << 1. In light of this ,  the Besse l  functions may  be placed ahead of the i n t eg ra -  
tion sign, using the approximat ion 0 ~ 0. Then, using the re la t ionship  

2 

~ exp [--  (X + ~) p sin 0] cos 0d0 1 {I - - exp [ - -  (X + ~) p]}, (15) 
0 (~+~) 

0 

we wri te  Eq.  (14) in the fo rm 

= l_L___r  {l_exp[_(l~.+.;Z)p]} pdp t �9 (16) 
q (~,, I~) X + I~ o (R~ + # ) ~  

In o rder  to sepa ra t e  the d imens ion less  p a r a m e t e r ,  in Eq .  (16) we p e r f o r m  the substi tution p =R~. 
Then the in tegral  takes  on the fo rm 

R q(~, ~) - -  J '[Jo(~R~)Jo(~tR~)+JI(~,R~)J1Q~R~)] {1 - - e x p [ - - ( t + ~ ) R ~ ] }  ~d~ 
�9 1 " 

2 o o ( 1 + ~ ) -  
(17) 
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We will now show that  the in tegral  of Eq.  {17) has p rope r t i e s  close to those of the delta function [4]. 
In fact ,  for  XR << 1 a n d ~ R  << 1, the ma jo r  contribution is produced by the region ~ >> 1, and so we m a y  take 

! 

{ 1 - -  exp [--  (~ + ~) R~]} "~ (~ q- ~) R~, (1 -}- ~ ) - v  ~ ~- t 

and, consequently,  we have 

q (L, p) = R s i [Jo (~,R~) Jo (pR~) + Jt (LR~) J~ (FtR~)] ~d~ = 2 1 6  ( ~ .  p) 
0 

(is) 

In the region of high p a r a m e t e r  values  #R >> 1 and kR >> 1 the m a x i m u m  contribution to the in tegra l  
i s  produced by the region ~ << 1, and the re fo re  

1 
q (~' Ix) ~" ~s---~ 5 Q, - -  ~). (19) 

Cons ider ing  E q s .  (18), (19), wewr i t e  the in tegral  of Eq .  (17) in the following form:  

q(Z, ~) = 1--exp(--2~,R) 1 
zR T 6 (x-- p). (20) 

After  substi tution of Eq.  (2) in Eq.  (13) and integrat ion over  the var iab le  ~ with the aid of the 6 - func -  
tion [5] we find 

I z ~ J~(~,cz) i i _ e x p ( _ 2 ~ , R ) l d L  
�9 r (R) = ~2aSRo--- ~ ,J ~ 

(21) 

0 

Unfortunately,  the in tegra l  of Eq.  (21) cannot be exp re s sed  in t e r m s  of e l e m e n t a r y  funct ions.  T h e r e -  
fo re  we will cons ider  i ts  l imit ing c a s e s .  In the region R << a ,  set t ing R = 0 in Eq.  (21) and expanding the 
exponential  in a s e r i e s ,  we obtain 

2Z s ~ g~ (~)  d~ Z" 
T ( R ) - -  ~SaSa~ ,J ~ = -  SaS~ (22) 

0 

At la rge  d is tances  R >> a we obtain [5] 

12; T (R) = ~ J~ (s d;t _ 41 s 
its 3~3aRcJ~, (23) 

0 

In genera l  f o rm the in tegra l  of Eq.  (21) can be reduced to full el l ipt ic  in tegra ls  [6], 
1 

T ( R ) =  --~Sa2~,~ a--~-~ " --R + 1 - -  3~ - - a  s 1 + - ~ - ]  K(k):+ Z? s - -I  E(k) , (24) 

where  k = a  (a 2 +R2)-t/2.  Tire functions E (k) and Ktk) a r e  tabulated in [6] and may  be used for  numer iea l  
ca lcula t ions .  A curve const rueted on the bas i s  of Eq.  (24) is p resented  in Fig .  1. 

Equation (24) p e r m i t s  de terminat ion  of the dependence of the fusion zone radius  Rf on cur ren t  I .  In 
fact ,  by set t ing T = Tf in Eq .  (24), we obtain Rf  as  a function of I .  Resul t s  of numer i ea t  calculation for  
var ious  me t a l s  a r e  presented  in Fig .  2. 

It  should be noted that  in [2] the p roce s s  of contact  heating by an e l ec t r i ca l  cu r ren t  was examined,  
with cons ide ra t ion  of the dependence of conductor r e s i s t i v i t y  on t e m p e r a t u r e ,  by s imul taneous  solution of 
the the rmal -conduc t iv i ty  equation with a volume heat  source  and the equation for potential  u, a s suming  
that in the contact zone the potential  r e m a i n s  constant .  

H e r e  we consider  an analogous p rob lem for the case  where  it  is poss ib le  to neglect  the dependence 
of conductor r e s i s t i v i t y  on t e m p e r a t u r e .  But in con t ras t  to [2] the the rmal -conduc t iv i ty  equation with 
volume heat  source  is solved with considerat ion of the cu r ren t  densi ty  distr ibution in the contact ,  cons ide r -  
ing the potential  at the boundary to be dependent on the coordinate  r 

I ~ Jl(~a) J0(~r) dZ. 
u/~=o - r~acr j Z, 

0 
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Compar i son  of numer i ca l  r e su l t s  shows ag reemen t  far  f rom (r >> a) and d ivergence  nea r  (I" <<a) the 
contact  a r ea ,  as compared  to the r e s u l t s  obtained in [2]. This may  be explained by the different  c h a r a c -  
t e r  of the boundary conditions taken in de te rmin ing  the potential  u. 

3 .  " S u r f a c e "  H e a t  S o u r c e  

As was noted above,  e lec t rode  heating is caused to a significant degree  by the energy  Qt, l ibera ted  
in the in te re lec t rode  gap.  In this case  we can a s sume  that the the rma l  field in the e lec t rode  is created 
by a " su r face"  heat  source ,  located in the plane z =0.  In order  to de te rmine  the power of this source ,  we 
will use the expres s ion  for  boundary r e s i s t a n c e  to the cu r ren t  obtained in [1]: 

8 
R -- 3n2cra . (25) 

Correspondingly ,  the total power  l ibera ted  at the e lec t rode  boundary is equal to 

Q' = R ' l  2, where R' : R ~ R discharge. (26) 

Consider ing  that the a r e a  of the influx zone is  equal to 7ra 2 and the ma jo r  voltage drop occurs  in the n a r ro w  
layer  near  the e lec t rode  boundary,  we may  r e p r e s e n t  the power densi ty (without d i scharge  I2R) in the fo rm 

8I ~ 
6(z), r~< a, 

3aZa3ff 
w~ = (27) 

0, r > a, 

where  5 (z) is the delta function. 

Then to calculate  the t e m p e r a t u r e  genera ted  by the " su r face"  source ,  we m a y  use the genera l  e x p r e s -  
sion of Eq.  (10). Substituting w s f rom Eq .  (27) in Eq.  (10) and consider ing that integrat ion over  the v a r i -  
able z m a y  be pe r fo rmed  e l emen ta r i ly ,  we obtain 

a 

813 :- t" r'dr' - .  (28) 
T(R)  = 3zPa3~ o ' j  (R 2 + r") ~ 

After  integrat ion over  r '  we finally obtain 

813 I+ - " (29) 
T (R) = 3~3a%r v - ~  a 

The t e m p e r a t u r e  v e r s u s  dis tance curve is p resen ted  in Fig.  1, f rom which one can compare  the e f -  
fect  on the e lec t rode  of " su r f ace"  and volume heat  sou rces ,  c rea ted  by the cu r ren t  of an e lec t r i c  a r c .  
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